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A WEAK FORM OF THE SOLITON RESOLUTION 
CONJECTURE FOR HIGH-DIMENSIONAL FOURTH-ORDER 
SCHRODINGER EQUATIONS 


TRISTAN ROY 


Abstract. We prove a weak form of the soliton resolution conjecture for 
uniformly bounded in time- solutions of semilinear fourth-order Schrodinger 
equations, in dimensions n > 5, and with a mass supercritical-energy sub- 
critical power type nonlinearity, by using a strategy developed in m More 
precisely, we prove that the solutions are decomposed into a sum of two terms: 
a free solution and a nonradiative term that approaches asymptotically an 
object that has similar properties to those of a finite sum of solitons. The 
asymptotic behavior of the nonradiative term is derived from its asymptotic 
frequency localization and its asymptotic spatial localization. There are two 
main differences between this paper and m- The first one one appears when 
we prove the asymptotic frequency localization; we fill a gap of regularity by 
using the better dispersive properties of the high frequency pieces of the free 
solution. The second one appears when we prove the asymptotic spatial lo¬ 
calization. A key estimate depends on the fundamental solution that does not 
have an explicit form. We overcome the difficulty by introducing a modified 
fundamental solution and exploiting the symmetries of the characters of the 
phases. 
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1. Introduction 

In this paper we consider the fourth-order Schrodinger equations on R" 

(1.1) idtU + A'^u = F{u) 

with F{u) a pure power-type nonlinearity, that is F{u) := and for expo¬ 

nents that are mass-supercritical and energy-subcritical, that is H-^ < p < 1 + ;;;^ 
0. Fourth-order Schrodinger equations have been introduced by in [IT] and in m to 
take into account the role of small fourth-order dispersion terms in the propagation 
of intense laser beams in a bulk medium with Kerr nonlinearity. 

These equations have attracted much attention from the community. Sharp 
dispersive estimates for the biharmonic Schrodinger operator have been obtained in 
[I]. Specific fourth order Schrodinger equations have been discussed in O [H [101 1^ ■ 
Local well-posedness for energy subcritical powers (that is 1 < p < 1 -I- ) □ is 

discussed in m- The following theorem is known: 

Theorem 1.1. Let (tojWo) S R x Fl^. Then 

• Local existence : Let B be a bounded subset of Then there exist a subset 
B C , a time interval L containing tg (called an interval of local exis¬ 
tence) such that for all uq G B there exists a solution u : I ^ B satisfying 
u(to) = uq. Furthermore the size of the interval (called the time of local 
existence) depends on ||uo||ij 2 and the map uq ^ u is Lipschitz continuous 
from B to B. 

• Uniqueness: If two solutions u : I ^ and u : I ^ agree on at least 
one time in I, then they agree for all time in I 

• Conservation of the mass: we have for all time t G I 

\\u{t)\\L 2 = ||mo||l 2 

By solution u \ I ^ B we mean a function u € H^{I x R") that satisfies the 
Duhamel formula, that is 

(1.2) u{t) := - i JI e*(*-*')^'F(u(t')) dt 


This allows to define the maximal interval of existence Imax, he the maximal 
interval on which u is defined. 


In the defocusing case (that is F{u) := —\uY'~^u), we expect that the solutions 
exist for all time (i.e Imax = Eind that the solution scatter, i.e they behave 
asymptotically like a solution to the linear fourth-order Schrodinger equation. The 
long-time behavior of solutions in this case has been studied by many authors: 
see e.g nmniis]. In the focusing case (that is F{u) = +|w|^ we do not 


^In the sequel we always assume that p lies in this range unless stated otherwise. 

^for a definition of the concept of energy-subcritical powers, see for example m in the context 
of second-order Schrodinger equation and see e.g m for its adaptation to 1 11.ID 
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necessarily expect scattering. For example, it is well known (see e.g O [5] ) that 
there are non trivial solutions of0 

A^Q + Q-\Q\P-^Q = 0, 

which provide solutions 

(1.3) u{t,x) := e“*‘Q(a;) 

which do not scatter. One can also construct solutions that blow-up in finite time: 
see e.g Hi- We refer to [5] for scattering results under suitable assumptions. See 
[Bin] for scattering results regarding the energy-critical powers (i.e p = 1 + 

We refer to [H] for scattering results regarding the mass-critical powers (that is 

In this paper, we are interested in the asymptotic behavior of -H^ uniformly in 
time - bounded solutions for mass-supercritical and energy-subcritical exponents on 
the maximal time interval of existence. In this case, from a well-known consequence 
of Theorem 11.11 the solution exists for all time T. In the defocusing case, as we 
have seen, we expect that the solution behaves like a free fourth-order Schrodinger 
solution. But in the focusing case, it is believed that the solution divides into 
two parts as times goes to inhnity. The hrst one is a radiative part, that is a 
linear fourth-order Schrodinger solution. The second part approaches a finite sum 
of stationary solitons (such as (11.31) 1 or travelling solitons. By solitons we mean 
global and non scattering solutions. This is the soliton resolution conjecture: in 
other words, the only obstacle to scattering is the formation of these solitons. See 
m for further discussions regarding this conjecture. 

To this end the notion of G-precompactness with J components was defined in 

m 

Definition 1. ”G -precompactness with J components”, [53] Let J G N. We 

say that a set E C is a G-precompact set with J components if there exist a 
compact set K C such that for all f £ E one can find (xi, ...xj) G (R")'^ and 

{hi ,..., hj) G K'^ such that 


fix) 

Remark 1.2. Two comments: 

• The orbit of If.,ill is G-precompact with one component. 

• The notation G corresponds to the action of the translation group G on 
the compact set K and the generated set is denoted by GK. An equivalent 
definition is the following one: E C E{^ is a G-precompact set with J 
components if we have E C J{GK) with 

J{GK) := {/i + .... + /,; /i,..., fj G GK} 

With this in mind, we can now state the main result of this paper: 

Theorem 1.3. ” Weak form of the soliton resolution conjecture” Letn > 5 
and u solution of E2P with and with data uq G . Let Imax 

^Here Sc denotes the critical exponent, i.e Sc ^ 
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be its maximal time interval of existence. Assume that u is - uniformly bounded 
in time that is 

(1-4) ^ 

for some M := Mdlwollff^) < oo. Then the solution exists globally in time, that is 
Imax = K. Moreover there exist (u+, v) G x and a G-precompact set K with 
J components such that 


u{t) = + v{t) 

with 


\iBit^oodistH2{v{t),K) =0. 

' I 2 

We say that v is the nonradiative part of the solution and is the radiative 

part (or dispersive part) of it. 

Remark 1.4. Two comments: 

• Theorem \1.S\ is consistent with the soliton resolution conjecture. Indeed, 
we expect the nonradiative part of the solution to approach a finite sum of 
solitons. We expect the orbit of a stationary or traveling soliton to be G- 
precompact with one component. We expect the orbit of the superposition 
of J solitons to be G-precompact with J components. 

• This result is a weak form of the soliton conjecture. It is weak since it 
remains to better characterize the G-precompact set with J components: 
ideally one would like to prove that, in fact, this G-precompact set with J 
components is a finite sum of stationary of travelling solitons. 

Remark 1.5. Notice that by combining ([I3P with conservation of mass we have 
in fact \\u\\l^h ^< oo. Therefore the solution exists globally in time. 

The following proposition shows that in order to prove that an orbit / : K ^ 
approaches a G-precompact set with J components it is enough to prove that it is 
asymptotically bounded, localized in frequency and in space: 

Proposition 1.6. ’’G-precompact set and asymptotic spatial and frequency 
localization ” [23] 

Let / : R —>■ . Then the following are equivalent 

• There exists a G-precompact set K G H with J components such that 

distH2 if (t), K) = 0 

• f is asymptotically bounded, that is 

limt^oo||/(t)||ff 2 < oo, 

/ is asymptotically localized in frequency i.e for any e > 0 one can find 
y > 0 such that 


limt^oo||P<M/(i)l|ff2 < e, 

and f is asymptotically localized in space, i.e there exist xi, ...,xj : R —R" 
for which we have 
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2. Basic estimates 

In this section we recall some basic estimates that we constantly use throughout 
the proof of Theorem 11.31 . 

We first state the dispersive estimates of the free solution: 

Proposition 2.1. ’’Dispersive Estimates” [T] 

For all a € N” we have 

( 2 . 1 ) <^kwT\\f\\L^ 

\t\^— 

We then state the Strichartz estimates: 

Proposition 2.2. ’’Strichartz estimates” [15] 

Let u be a solution of idtu + A'^u = G on an interval I = [a, 6]. Let {q,r) B- 
admissible i-e - + ^, 2 < q,r < oo, {q,r) ^ (2,oo). Let {q,f) be a bipoint 

lying in the dual set of B-admissible points, i.e there exists (x,y) B-admissible such 
that i + i = 1 and 4 + ^ = 1. Then we have 

q X r y 

• ’’Strichartz estimates with no derivative” 

( 2 . 2 ) ^ \\u{a)\\L2 + 

• ’’Strichartz estimates with gain of derivative” 

(2.3) ^ II^'«(«)IU2 + IIVGll ^ 

L^Lx [1) 

Remark 2.3. The dual inequality of i2.S\} with G = 0 is 

||/je-**^"/i(t)dt||L2 < 

3. Notation 

In this section we set some notation. 

Let a be a nonegative constant. We denote by [a] the integer part of a. We de¬ 
note by a-\- (resp.a—) a number that is slightly larger (resp. smaller) respectively 
than a. Let /3 be another nonnegative constant. We say that a < (3 (resp. a <C 
) if there exist a positive constant (resp. small positive constant) such that a < Cp. 

Let ro := fo be such that ^ 9 o be such that (qo,To) B- ad¬ 

missible and Q be such that 


n+2 _ p—1 _|_ 

2n Q fo 

Notice that for mass supercritical-energy subcritical exponents p we have 2 < Q < 
and in particular the Sobolev embedding applies, i.e 


(3.1) 
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Let 


P 


|.P<2 

l,p>2 


Let 

X{I) =LfW^2..o(j)nL-LQ(/)- 

If C R" is a set then 1 b is the characteristic function of E. Given xq G M" and 
R> 0, let 


B{xo,R) := {a; € R", |a; — a:o| < i?} ■ 


Let 0 be a bump function such that = 1 if |C| < 1 and = 0 if | > 2. Let 
'0(0 •= ~ If fV € 2^ is a dyadic number then 

^(0 :=<(>(^)/( e ) 

^/(o := V' (I) m 

P^fiO :=/(0-^W(0 

4. Organization of the paper and novelties 

We first explain how this paper is organized. We follow the strategy that was 
developed in |23j in the study of the semilinear Schrddinger equations with mass- 
supercritical energy-subcritical powers. In Section[5]we prove some local estimates, 
that is estimates that are only useful on short time intervals. In Section [6] we 
prove that the solution u can be decomposed into two parts: a free fourth-order 
Schrodinger solution and a solution v{t) of (11.11) that shall be considered as the 
nonradiative part of u. We also characterize v(t) as an integral depending on t and 
as a weak limit of an asymptotic integral: see (1531) and (16.61) . We would like to 
prove that the orbit of v{t) approaches a G-precompact set with J components. 
To this end it is enough, by Proposition 11.61 to prove that v is asymptotically 
bounded, localized in frequency and in space. In Section [7] we prove that v satisfies 
the asymptotic frequency localization, by letting (16.51) interact with (16.61) . In Sec¬ 
tion [8] we prove the asymptotic spatial localization. To this end, we first locate the 
spots of mass concentration of u at a time to large enough. Then, we prove that 
the free fourth-order Schrddinger solution with data far from these spots is small. 
This allows to estimate several quantities far away from these spots. We prove, by 
a perturbation argument, that a Strichartz norm of the solution is locally small. 
Then the norm of v is estimated by letting again (1631) interact with (16.61) . If 
the interaction is large then we use the smallness of this Strichartz norm and if the 
interaction is large, then we use dispersive estimates. This proves a partial spatial 
localization, partial since the points of concentration (and their number) depend 
on the size of the decay of the norm of v away from them. In Subsection 18.21 we 
prove that the partial spatial localization can be upgraded to final spatial localiza¬ 
tion. 


We now discuss the main novelties of this paper. 
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In Section [7l one has to make asymptotically the high frequency component of the 
nonradiative part small by letting the high frequency part of (16. 5|) interact with 
that of (16.61) . Unfortunately the function F is only whereas we have to control 
quantities in H^. Fortunately, since we know that the Paley-Littlewood pieces Pk 
of the free solution have better dispersion properties locally as K goes to infinity 
(a phenomenon that, to our knowledge, was observed in m), we can fill this gap 
of regularity by using them extensively on a large portion of the interaction, and, 
on the small remaining part, we use the local estimates proved in Section [5] 

A key estimate (namely (18.271) ') to prove the asymptotic spatial localization depends 
on the interaction of two fundamental solutions evaluated at two different points: 
see (j8.26|) . Unfortunately the fundamental solution of the fourth-order Schrodinger 
equation does not have an explicit formula (unlike the Schrodinger equation), which 
makes the estimate delicate to prove. In order to overcome the difficulty, we use 
the following strategy: 


• we factor a well-chosen phase out of the fundamental solution and we in¬ 
troduce a modified fundamental solution: see (II0.2p and (110.31) . 

• we estimate the derivatives of the modified fundamental solution by weights: 
see (jl0.4() . The estimates are mostly derived by integration by parts of the 
phase in the polar coordinates (r, 9). We mention that the polar coordinates 
were already used in [1] , where the authors performed integration by parts 
w.r.t 9 followed by integration by parts w.r.t r. Here, in order to use the 
oscillations of the phase to the most, we first determine the region for which 
the integration by parts w.r.t r yields a better decay than that w.r.t 9. We 
then introduce an homogeneous function of degree zero (in the spirit of 
[21) . p 345) in order to emphasize this region. In this region we integrate 
by parts w.r.t r. In the complement of this region we integrate by parts 
w.r.t 9. 

• we estimate the interaction of two fundamental solutions by using the es¬ 
timates of the derivatives of the modified fundamental solution and the 
bipolar coordinates (p, tr), taking advantage of the symmetries of the char¬ 
acter of the phase. When we pass to the bipolar coordinates, the region 
of integration TZ is more bounded and the integrand has less regularity as 
we approach the boundary dTZ. So in one region of the plane (p, a) we 
integrate by parts w.r.t p' := p -|- cr a well-chosen amount of times to kill 
the singularities of the integrand. In the other region, the procedure de¬ 
scribed above does not kill the singularities. Instead we proceed as follows. 
We choose not to integrate by parts w.r.t the bipolar coordinates in the 
subregion close to dTZ and we estimate directly the integrals involved in 
this subregion, provided that they are integrable. This integrability holds 
for high dimensions thanks to the weights of the modified fundamental so¬ 
lution. It barely fails for lower dimensions thanks again to the weights. So 
one integrates by parts the phase just a few times w.r.t. p, or cr to get inte¬ 
grability. In the region far from the boundary, once again we determine the 
subregion for which the integration by parts w.r.t p yields a better decay 
than that w.r.t to cr ; we then introduce an homogeneous function of degree 
zero; we integrate by parts w.r.t p in this subregion and in the complement 
of this subregion we integrate by parts w.r.t cr. 
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5. Local estimates 

In this section we prove some local estimates. 

Proposition 5.1. ’’Local estimates” 

For all {q,r) B-admissible, there exists a > 0 such that if m G {0,1,2} then 

(5.1) < (|/r- 


Proof. Let I = [a,b]. From (II.4L (12.3L and Holder in time 


(5.2) 


I|AuL|z,;( 7) < l|Au(a)|U2 + 

<1-1- |/|“||AM||^90iJ0(J) 


By conservation of mass, dLi, mi, (Eu, and Remark 11.51 we have 


(5.3) 


^ ll“(a)IU= + III^I^ u\\ , ^ 


LtLi 


f^{I) 

<1-1- i/riiuiiLTOi^o(j) 


A continuity argument (with {q,r) := (goAo)) shows that there exists 0 < e ^ 1 
such that if |/| < e then dEB holds if m = 0, 2. With this in mind, we see that, 
by interpolation, that dSH) also holds if m = 1. In the general case, if {q,r) is 
B— admissible, then we reapply (15.2() and ()5.3() . taking into account that (15.1|) was 
already proved for the particular case (g,r) := {qo,rQ). Now let I be an arbitrarily 
large interval. We divide I into subintervals | J| = e (except maybe the last one) 
and we apply to each of these subintervals m-, by summation we see that (EID 
holds on I. 

□ 


6. Construction of the nonradiative part 

In this section we prove that the solution can be divided into two parts: the 
radiative part and the nonradiative part. We give elementary properties of the 
nonradiative part. 

Proposition 6.1. ’’Construction and properties of the non radiative part” 

There exists a unique decomposition 

(6.1) u{t) =e’^^\++v{t) 

such that 


( 6 . 2 ) 


e *‘^\(t) u+ 
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and 

(6.3) ^|t|->oo 0. 

Moreover 

II'W-h||h2 <1 

(6.4) \\v{t)\\H^ 

\\u{t)\\jj^ - \\v{t)\\jj 2 - \\e^*^\+\\H^ = 0, 

(6.5) v{t) =e*‘^'(u(0)-M+)-i/Je*(*-‘')^>(u(i'))di', 
and 

(6.6) i/f e*(‘-*')^'F(u(t'))dt' -T^oou(t). 

Proof. We shall only prove the existence of this decomposition, since the uniqueness 
along with the estimates are straightforward application of arguments explained in 
[23] . Let (j) G S'(]R”) and t 2 > ti. Let e > 0. We have for ti large 

(g-*ti A"y(^l) _ ^ EmG{0.1.2} 

with 

Xrn := e-^^'^"Fiuit)) dt\ L>™<^)l2 

One would like to compute D^F{u{t')) but it is not possible since F ^ C^. Instead 
we proceed as follows 

= jll{F{u{t)), dt 

<!ll\\F{u{t))U4D^”^F^'^^cl>\\^.dt 

^ e, 

where the last inequality follows from interpolation between (EU and the trivial 
estimate 4 )\\l 2 = \\D'^'^(j)\\]^ 2 , and the following equality 


(6.7) 


\\F{uit))h, 


< f \\u{t)\\l2,p<2 
-\ \\u{t)\\l,,p>2 
< 1 , 


that is derived from Remark 1 1.5 1 This proves that there exists u+ G such that 
g-itA define v{t) := u{t) — u+. 

□ 


7. Asymptotic frequency localization 

In this section we prove the asymptotic frequency localization of the nonradiative 
part of the solution. 

Proposition 7.1. ’’Asymptotic frequency localization” The non radiative 
part V of the solution u is asymptotically localized in the frequency domain. 
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Proof. It is enough to prove that, given e > 0, there exists te > 0 such that for 
t > te 


(7.1) <iV-’’ + e 

for TV > 1 and 


(7.2) ||P<Ai^(t)||if2 <N'^ + e 

for TV < 1. Let 


Qn '■= 

We choose € 5(]R”) such that 


P<N N <1 
P>N N >1 


By (16.511 and (16.611 


u(0) — M+ = Ue + 0//2 (e^). 


(7.3) i ‘ '>^'‘QNF{u{t))dt QNv{t), 


(7-4) QNv(t) = QnUc - i Jq e’’^* * '>^^QNF{u{t ))dt +Oi/2(e), 

Hence we see that for T large enough 

IIQNi;(t)||^2 <\Z,\ + \Z2\ + OH2{e^) 

with 


* '>^^QNF{u(t ))dt , Ue)m^ and 

(/f JoF^^-*'^^"QNF{u{t)), e^(*-*''^^"QNF{u{t"))dt" dt)H-- 

We first deal with Zi. Using (lgni and interpolating between (EH) and the L? 
estimate (see previous section), we see that Z\ is the sum of terms of the form Xi^m 
(0 < m < 2) with 





■= {QNF{u{t)), dt 


< 






< e2 


t n. + 2-n 

(O^ 


dt 


for t large enough. 

We then deal with Z 2 . First we list some estimates. Recall the localized dispersive 
estimate [IS] (for iV G 2^) 0 


(7.6) ||e*‘^>K/||L~ ^ 


The author would like to thank Benoit Pausader for suggesting him to use irr^ . This 
argument allowed him to prove Theorem 11.31 for n > 5 (in the previous version Theorem 11.31 was 
proved for n > 8.) 
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Recall the localized Strichartz estimate, proved in m 


(7.7) 




2n 



In view of Remark 11.51 we have 


<K-^\\PKh\\ 


LiL 


2n ’ 

TTF? 

X 




< r \\uit')\\l-^\\Vu{t')h^,p<2 

^ I iizi(oii^;(Uiiv«(t')iu=,p>2 

< 1 


We are now in position to estimate ^ 2 - 

First we assume that < 1. Integrating by part we see that Z 2 is the sum of terms 
of the form X 2 ^m with 


X 2 ,m ■= ^l{D^P<NF(u(t)), dt dt. 

Performing a Paley-Littlewood decomposition we see that X2 = J 2 k<n Iq ^2,K,m dt' dt" 
with 


X2.K.m ■■= {D"^PKF[u{t)), D"^P(*'-*"')^"PKF{u{t")))L2 
One one hand, we get from (16.711 

\X2,K,m\ < ||F(ii(t'))|U,||e*(‘'-*")'^>;,i^(ir(t"))||^. 

/ \ 1 -^ 


On the other hand (by Bernstein) 

|Al2,if,m| < \\PKF{u{t ))\\L2\\PKF{u{t ))||l2 

<K^<i-^')\\F{uit))h4F{u{t'))h, 

Therefore, since n > 5, we conclude that 


(7 8 ) ^2 < Ek<n II' Io 

for some 77 > 0 . 

Next we assume that > 1. High frequencies are more complicated to deal with: 
indeed F G (so we can only expect to control norms involving the gradient of 
F{u)) whereas the the expressions involved lie in H^. The idea here is again to 
perform a Paley-Littlewood decomposition. Since the dispersive estimates for the 
high frequency Paley-Littlewood pieces Pk {K > N) are better as K goes to 
infinity, we use them on a larger portion of the area of interaction between (USD 
and dH and, since the size of the remaining part of the interaction is small one can 
exploit it by using basic inequalities such as H61der-in-time. Integrating by part and 
performing a Paley-Littlewood decomposition we see that Z2 = Ek>n ^ 2 , 1 , k + 
Z 2 , 2 ,k with 


(( — 


1 --^ 


,K 


2ni 2--2 


dt' dt" 
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Z2,1.K := /f Jo lu'.t"l>K-^(PKF(u(t')), e^(‘ dt" dt\ 


Z2,2.K := Jol\t'-t"\<K-’^{PKF{u{t)), ‘ PKF{u{t)))H-^dt di 

0 < a < — 7 —^-4—, and Pk a frequency localized operator at |^| ~ K (like Pr)- 
Z 2 ,i.k can be written as a sum of terms Xm of the form (m < 2 ) 




:= K-^Jt Jo l^,'_t"i>K-4^FKF(u(t'}}, dt" dt . 

Interpolating between (EH) and the estimate 

rT rt. 


Ai,™| )^^XpKF{u{t"))\\^. dt'dt 

9 

{.JFZFJWk^') 




<M K-^^, 

for some rj > 0, since n > 5. Z 2 ^ 2 ,k can be written as a sum of terms X 2 ^m (jn < 2) 
(7.9) 

We have, by (1771) and Proposition 15 .1 1 (and its proof) 


A 2 ,™| <\\VPkF{u)\\ ^ JXPkF{u)\\ ^ 


for some rj > 0. 


□ 


8. Asymptotic spatial localization 

In this section we prove the asymptotic spatial localization. The asymptotic 
spatial localization relies upon the asymptotic partial spatial localization and the 
asymptotic final spatial localization. 

8.1. Asymptotic partial spatial localization. In this subsection we prove the 
asymptotic partial spatial localization property of the nonradiative part. First we 
define some constants and we set up the framework. 

Let 1 ^ be a fixed constant and let ^ p ,2 Ms ^ M 4 3> Ms ^ Me > 0 
be constants depending on that are chosen such that all the inequalities in this 
section are true. Let also c, C denote a small, large constant whose value can 
change from one line to the other one. 

We use the decomposition (EH), (EH, and (17.21) to get (with A > 1) 


u{t) = + UAr(t) + Oi/ 2 (A ''), 
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with VN{t) := Let A ■= {x € M", |i;Ar(t,x)| > Given t > 0, we 

construct inductively a sequence of points {xj{t, /i 3 )}i<j<j in the following fashion: 

(1) Initially let X := [0] and j = 1 

(2) If Al ^ 0 , then choose y € A, let Xi{t,fi 3 ) := y and X := [xi(<,/X 3 )]; 

(3) While Af^Bj ^ 0 with Bj := r\\<k<i{x G K", \x — Xk{t, y 3 )\ > do the 
following 

• choose y & Af\Bj 

• let j := j + 1 

• let Xj(t,y, 3 ) := y and let X := [X,Xj{t, y^)] 

This construction is finite: let us see why. We see that for I < j < card(W) 
VN{t,Xj{t, ys)) is a sum of two elements of the form 

VM{t,Xj{t,y 3 )) := j (f>{M{xj{t,y 3 ) - y))v{t,y) dy, 

with N G and cp a localized bump around |^| < 1. Using the fast decay of 

(j) on the region \N{xj{t, ys) — ?/)| > R we see that for 7 arbitrarily large 

( 8 . 1 ) \vfjixjit,y3),t)\ + ^ 

Letting N y^^ and R ^ we see that 

(8.2) /|,_,,(i,^3)|<^k(i,a:)|2dx >y^- 

By (16.41) . we see that card (X) < J := J(y 3 ) < y 3 ^ ■ In order to make the cardinal 
constant we set for j, card(J) < j < Jiy 3 ), Xj(t,y 3 ) := xj(t,/i 3 ). By maximality 
we have 

(8.3) |iiAr(i,a;)| < yl, if infi<j<j\x - Xj{t, y 3 )\ > ^ 

Notice that, since y 3 is a function of yi we write Xj (t, yi), J{yi) instead of xjft, /is), 
J(/i 3 ) respectively in the sequel. We are now in position to state the asymptotic 
partial spatial localization property: 

Proposition 8.1. ” Asymptotic partial spatial localization” We have 

(8.4) |i;(t,x)|2dx <yl- 


Remark 8.2. Notice that the number of points where the mass concentrates de¬ 
pends on the parameter yi. This is not totally consistent with the soliton resolution 
conjecture, since, as t ^ 00 , the number of solitons (i.e the spots where the mass 
concentrates) should not depend on yi. This is why we have called this proposition 
asymptotic “partial” spatial localization. Notice also that the points depend on yi. 
These constraints will be removed in Provosition \8 . ,91 

Let to be large enough such that all the inequalities in this subsection are true. 
In the sequel, in order to avoid too much notation, we forget to and yi to set 
D{x) := infi<j<j \x - Xj{to,yi)\ and Xj := Xj{to,yi). Let / = [to - + A^r^]- 

Given /i > 0, let Xu be a smooth function such that Xui^) = 1 if L? < y~^, Xui^) = 0 
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if D > and satisfies \d°‘Xii{^)\ if |q;| = k. This function can be obtained, 

for example, by convolution of the characteristic function on Z? < with an 

approximate of the identity of size 

We first prove that the linear flow away from the points of concentration is small 
as time goes to inhnity: 

Lemma 8.3. We have 

(8-5) limt„^oo||e*(‘“‘‘>^^''(l - x<M)u(to)||x(/) ^ M 2 

Proof. We use the decomposition dSI]) at time to. By density of the Schwarz 
functions in we can find S 5(R"') such that 

u+ = + 0 ^ 2 (/r^)- 

Combining (12.21) . (12.31) with Proposition 17.II we see that 

— Xi^) 

- Xa^.) + Ox(i)[tkl) 

+e*d-to)A^(l _ 

-Xi^) P<iot,-^ ((1 -X,x4) +Oa(7)(M2) 

Next we show the following results: 

Result 1: We have 


(8.6) ||e*(‘-*“^^'(l-X'^)e'‘“^'^M2lU(7) < M 2 

Proof. From (EH) we see that it is enough to prove that 

(8.7) < M 2 

Let gto{x) := 17 ^ 2 ( 0 :). We write 

( 8 . 8 ) 

^ e^(^-to)^^PxPMXkA 9t, 

with Px ■= P> 2 N — P<i^- Let ^ be such that Pat/(^) ■= 4> f {f)■ Letp = ro,Q. 
We have 

||e*(*-‘«)A'iV/||LP <iV^”|/ril/||LP 
Indeed, the kernel Kn of Pn is 


(8.9) 
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Stationary phase [21] yields 


, ( OiN-),\x-y\<N^\I\ 

The conclusion follows from Schur’s lemma. 

• ll-P/vXi^ II/IUp- Indeed the kernel of this oper¬ 

ator is 


K^{x,y) =fff^ (^) dv dz 

We see from integration by part w.r.t ^ and y of the phase that 

\KN{x,y)\ < ^p!^|n+i , and 

\KN{a:,y)\ < • 

We also have 


\KN{x,y)\ < ■ 

Indeed if \ri\ < N then this follows by integration by parts of the phase 
w.r.t Z] if not we bound pointwise Kpf. The conclusion follows from Schur’s 
lemma. 

• A straightforward modification of the proof of (18.91) shows that 
Now, using these these operator norm bounds, summing over TV, using the dispersive 


bound ||(£)) 100 ngitoA < 

that (|8.7I) holds. 




lOOn 


7^2 ll^p 


and Holder in time, we see 


□ 


Result 2 : We have 

ed*-to)A=(l _ ((1 - Xm4)v^ 


< 


X{I) 


d2 


Proof. It is enough to prove that for p = Q, rg and for I = 0,1, 2 

(8.10) P'e*(*-‘«)'^'(l-Xi^)Uio^-/llL.- <f^f^\im\\LP 

Indeed it is enough to combine (18.101) with the interpolation inequality (for some 

0 < 6 » < 1 ) 


(8 11(1 - X,.)v,-^{to)\\L. < 11(1 - x,.)v,-^{to)\\Ua - X,.)v,-^{to)\\l-J 

the last inequality following from (16.41) and (18.31) . Using the triangle inequality we 
have to estimate two terms. We shall only prove the following estimate 
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( 8 . 12 ) <^^2^\Inf\\LP, 

since the other estimate is easier to prove (and therefore left to the reader). We 
write 


7^ 7 ‘i (-f — 


+ Y' «P 1 P 1 V P if- 

^ iL,N>1,N£2<^ ^ ^ X/i4 ^ 

A straightforward modification of the proof of (j8.9l) shows that 

Therefore it remains to show that 

W^MON IWlp ^ ;^ll/llir- 

The kernel Kn of is 

Km{x, y) =fff^ (iisfer) (ih^) dy dz- 

By integrating by parts the phase w.r.t rj and 2 we see that 


\^N{x,y)\ < (^^-l)100n(2:-z)100n^y_2)100n ■ 

The conclusion follows from the application of Schur’s lemma. 


□ 


Result 3: We have 


||e*(‘-‘°)^'(l 


X'^)-P<io^^-i(Xm 4 w^-i(io))||x(7) <P2 


Proof. We see from (lO) that it is enough to prove that, for m € {0,1, 2}, we have 


(8.13) 


((l-Xi^)^<10^.ji(XM4 


V -1 
M 2 


< 


L 2 


M 2 


for all t G I. Here Tq := Id, Ti := V, and T 2 := A. We shall prove (18.131) for 
m = 0, since the other cases (m = 1, 2) can be easily derived from this case, using 
the Leibnitz rule. By Minkowski’s inequality and (16.4L we have 


11 (1 - X 10 ;.-1 (Xm 4 1 (i0)) IU2 


/ Xm4 ( 2 ; - y) v^-i (to, a; - y) ( 10^2 ^2/) dy 
<P^2 




□ 


□ 
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Next we prove the following lemma: 

Lemma 8.4. We have 

(8-14) ^ 

Proof. Let u be the solution of (ED with data u(to) •= Then, by Lemma 

18.31 Proposition 19.11 Remark [T31 (13.11) and dSU we see that, if to is large enough, 
then 

||u-r||l”L|(/) <|/| 1 , 

/g 11'“ “ ^\\Ll°W‘^ro(I)nL^L^{I) ^ /^2i 

Si 

ll“llL~i«(7) ^ 1 - 

Let w be equal to the convolution of an approximate of the identity of size 0 . 1 /i 4 
and 


7 ( _ D _ 0.9/i-^-2(M4-S0.1/i5-^) \ 

Vo. 9/7^^ - + 0.1/i^^) 0.9/i^^ - (/74 ^ + 0.1/i^^) J ’ 

(Here 0 : R" —R a smooth function such that 0(x) = if |x| > 2 and 
0(x) = 1 if |x| < 1). Observe that a;(a:) = ii D > a;(a:) = 1 if U < 

l|wu(to)||L2 < l|u(to)|U2. 

A computation (using (11.11) ') shows that 


idt{u!u)+A'^ {u!u) = uiF{u)+A'^uju+2V{Aw)-Vu+4:V-{ywAu)—2AwAu+2A{yw-Vu) 

Let Y{J) := L‘l°L!f‘{J) D L“L^(J). From (12.21) and (12.3|) we see that for any 
subinterval J = [a, 6 ] C / 


(8.16) 

II‘^m||u(J) ^ \\uJu{a)\\L^ + ||a;i^(w)|| ^ ^ + WA^ujuUlIluj) + l|V(Aii;) • yu\\L]Ll{j) 

L^Lx \J) 

+ l|AwAu||iii2(j) + ||V(Vw;-V m)|| ^ + ||VwAu|| ^ 

* L?ir+=(j) l^ls+AJ) 

< ||u;M(a)||L 2 + \ J\^\\u}u\\y(j) +/rg 

Using (18.161) on time intervals of small size and iterating, we see that \\<^u\\ 

1 and consequently < /ig. Hence ()8.14l) holds. 

□ 


This implies the decay of the norm of the inhomogeneous part of the solution 
far away from the x : 

Lemma 8.5. For every subinterval I C I, we have 


< 




(8.17) 


ll(l-X/.§)//'e*(*“ * )^S(u(t'))dt'||L2(R„) 
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Proof. We write 


F{u{t)) = F{u{t)x^^ + u{t){l - Xms)) 

= F{u{t)x,,^) + O 

= +0 (l£,>^-i|u(t')|p) , 

with X/i 5 denoting a smooth function that behaves like Xp-a ■ 

In order to control the high frequency term, we use the fact that we work in 
and so we can expect some gain. By (12.2L it is enough to control the following 
term 


(8.18) 

WO- - Xpl)P>^.-^F{u{t'))x^,\\ 






the last inequality following from (lO) (lO) . and Remark 11.51 In order to control 
the third term, we use (I8.14p 


(8.19) 


l|io>^-KOri 


< 


L?L 




{!') 




)llL’0L?(7)l|w(i )|| 


P-1 


Pl) 


In order to control the second term we use the fact that the medium frequencies 
of the solution have (locally) an almost finite speed of propagation. More precisely 
the kernel K{x,y) of the operator (1 — P<^~^Xp 5 is 


K{x,y) := (l-x^ 2 (a:))Ai^/e*d* y)<)(j){y2C) d^XpOv) 

Now it is not difficult to see that if {x,y) G {1 — Xpl > 0} x > 0} then, 
l^('i'(0)l ^ 0 ~y\^ with 'I'(0 •= (t ~ to)|^|"^ + 0 — y) ■ Therefore, by stationary 
phase, we see that 

\K{x,y)\ 

By Schur’s lemma and by Minkowski inequality, we see that it is bounded from 
to and from to Lf (with norm 0{y'i)). By interpolation. 


( 8 . 20 ) WO-Xpl)ed^-^'^^^^P<^--XpO\L^^L- < 

The conclusion then follows from ()6.7I1 and Remark 12.31 


□ 


Next we prove a result very similar to ProDOsition l8.ll 
Lemma 8.6. We have 

(8.21) limto_>oo(l - X;x3)ii(to) =OL2{y1) 


2n 

"+*(/') 
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Proof. Let x^3 := 1 — x^3. The local-in-space Duhamel bound that is proved in 
(I8.14|) allows to limit the interaction between (16.51) and (16.61) as we shall see. Indeed, 
using Duhamel formula and (I8.14|) we see that 

X^3v{to) = + + Ol2 (Mi) 

- Mr^) + Ol 2 (Mi) 

We compute 

IIXMp(^o)|li 2 =<X/.ie“*'"i"^%(to + Mr^):XM^e*'"i'^"u(to-Mr^) +OL 2 (Mi) 

=< "^"i;(to + Mr^)> X^3e“*'"i >^2 -^ 0^2 (Mi) 

We will only deal with the case to > 0. By applying (16.51) for v{to — mF^) (using 
the approximation u(0) — u+ = if + Oi^ 2 {fi 2 ) with if G 5(]R"'), (16.61) for v{to + 
we see that is it is enough to prove that 


( 8 . 22 ) 

(8.23) 

and 


+ Mr'), (1 - X^3)e*‘«^V)L2 

C+^-3(e*^‘«-‘')"'>(u(t')), e*‘«^V)L2 dt 


<Mi, 


(8.24) 

Ciu- fo 


^0 —Ml 


< €*(*“-* ^^"F(u(t')), x‘^^e^(to-t )^^F{u{t')) >l2 I dt dt" 

^5 


< 


Ml 


Now we prove (|8.22l) . By [T], we see that the kernel iL(a;, y) of (1—X^ 3 )e*‘“^^ {y) 
satisfies 


\K{x,y)\ 


< 


^5 


’{yP 


and, by Shur’s lemma combined with the high regularity of if we see that ||(1 — 
2 


i/’||l 2 = 0(Mi) for to ^ 1. Combining this inequality with (16.41) we see 
that (j8.22|) holds. 


Xr3)e 


Next we prove (|8.23l) . We have 


|(e*(‘'>-‘')^>(u(t')),e*‘oA^^^|^, <\\e-^^'^^Fiuit))\\^.\\ifU, 

(8-25) < _1_ 

by (16.7|) . Hence (18.231) holds. 

(|8.24l) is more difficult to establish. We write 

(e*(‘o-*')^>(u(t')), xl3/^*'^-*'^^^Fiuit")))L2 
= (e*(‘«-‘')^'i^(u(t')), e*(*'>-‘")^'F(M(t")))i2 
-(e*(‘'>-‘')^>(u(t')), (1 -x23)eMto-t")A^^(^(M')))L2 
= A + B 
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SO that we can use the fact that 1 — y ^3 is a compactly and nice decaying function. 

_ ^5 

A is treated in a similar way to (j8.25l) : 


A < - h - 

V p 

We see that B can be written as B = f K{t',t",to,y, z)F{u(t',y))F{u{t", z)) dy dz 
with K the kernel defined by 


(8.26) 

K{t',t",to,y,z) := 


(to-t')i (t"-to)4 


I Je 


iicr 




(* 0 - 


7T7 

)4 


d^ 





— to) 


X 

4 





Let c be a small positive constant that is allowed to change from one line to another. 
We claim that for all {y, z) G R" x R" such that y ^ z the following kernel estimate 
holds 


(8.27) \K{t'A\to,y,z) < : 

this estimate is delicate to prove and we postpone it to Section [101 Hence 


(8.28) 

|(e*(‘«-‘')^'F(M(t')), (1 - X^3)e*(*“-*")"^>(u(r)))| 


<^7^IIW'))IIl3||W"))IU3 


Remark 8.7. We notice that if we were to estimate B by passing to the Fourier 
domain then the strategy would be doomed to fail since the Fourier transform of 
1 —Xf_i3 would depend on the number of points of concentration J := that can 

be really large compare with \t — t'\. Hence it is necessary to work in the spatial 
domain. 


Remark 8.8. Observe that if were equal to zero then, by a, we would have 
found 


{ F{u{t')),e^' 


Fiuit"))) = {F 


F{u{t')),Fiuit''))) 




It is an open problem to know what the best value of c is in S8.28\) . Maybe it is 


c = 


We also have 


l(e*(‘«-‘')^>(w(tO),(l-X^3)e*(*“-‘'')^>Kn))l < ||W'))llL3|IW"))llL- 

Hence by interpolation 


|(e*(‘«-‘')^'F(M(t')), (1 - X^)e*(*““*"^^>(M(t")))l 

^5 


<- ^^\\F{u{t'))h4F{u{n)\U, 

V V) 


where we used iH) at the last line. 


□ 
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8.2. Final asymptotic spatial localization. In this subsection we prove the final 
asymptotic spatial localization. We prove the decay of the nonradiative part of 
the solution outside a neighborhood of points Xj := Xj(t) such that their number 
does only depend on time t. 

Let 1 ^ ^0 ^ Ml- Let ^ 2 , Ms 3 'iid ^4 be constants chosen such that 

• » ^2 » Ms > M4 

• all the inequalities in this section are true 

• /J ,4 is a nondecreasing function of 

Let also c,C denote a small, large constant whose value can change from one line 
to the other line. We prove the following proposition: 

Proposition 8.9. “ Final asymptotic spatial localization ” Given pi > 0 on 
can find ^2 := Ai 2 (/fi) > 0, J > 0 and Xi{t), ... xj{t) such that 

(8.29) a;)pdai < yj 


The proof relies upon the following lemma: 

Lemma 8.10. Assume that for some xq £ R" and R > 0 we have 

(8.30) < /|:.-a.o|<Rl^(^o,x)pda; < Mo 
Then we can find R := R {R, yfi) such that 

(8.31) |u(to,a;)pda; > dx + yl 


Proof. We can assume that xq = 0 without loss of generality. If the statement were 
not true then we would have 


(8.32) |u(to,a;)pda; < 

and 


(8.33) |u(to,a;)P da; < Mo 

Let R := R (^ 4 ) be large enough such that all the inequalities below are true. Let 
I = [to, to + /J, 3 " ]• Before proceeding, we prove a local-in-time local-in-space mass 
bound 

Lemma 8.11. We have 

(8.34) suptgj |M(t,a;)pda; < mI 

and 




(8.35) 
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Proof. A computation (using appropriately the divergence theorem, forcing deriva¬ 
tives of expressions at most second order derivatives of the solution u to appear) 
shows that a.e 


(8.36) 

dt\u\^ 


= —2S5(A^uu) 

= -2 EU Eti + 4 EU Eti 



Now, let w be a smooth function such that U!{x) = 1 if |a;| > 1 and uj{x) = 0 if 
|®| < 5 - Let ojj^/{x) := uj Multiplying (|8.36l) by integrating w.r.t x and 

t, using the boundedness of Riesz transforms, Remark |1 .51 and (j8.32p . we see that. 


iitGl 


(8.37) 

I\x\>R' \u{t,x)\‘^dx- 


<mI + EUEIJI 
+ EUElJlidlx, 

<mI 








dx dt 


udxiUdxjOjfj! I dx dt 


Then (18.341) holds. The proof of (18.351) is similar and left to the reader. 


□ 


Let (h be a smooth function such that w(x) = 1 if |x| < 1 and u}{x) = 1 — a if 
\x\ > 2, with a so small that a <C (^) ^ (r^) ' 

not difficult to see that we also have 


(8.38) 


<M4 

|a| = : ||a“w^'||L- 


We see from Sobolev embedding that for Q < Q < 


(8-39) II'R|Il~L<5(/) 1- 

Let w := A computation shows that 


(8.40) 

idtw + /Sfw = Fiw) + (F{u)Cji>' — F{uCji>')) + A^Wd' u + 2V (Awp') • Vit 
-f2V • (Vwp'Au) - Awp'Art-f A(Vwp/ • Vu) 

By (12.21) and (12.31) we see that 


w 


L^Ll 


'iP 


^ lk(io)||L2-f |lF(u;)|| ^ -f ||A(M)wp. -F(MWpOII ^ 

+ R' A\l\LI(I) + l|V(^Wp') • VM||iii2(7) -I- ||Aw7{Am||j 

+ Er=i + ||V(V^p, . 


'LlLl(I) 


We have 
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W 


by interpolation of (I8.33|) and (|8.39l) . Moreover 




£ ^J-3^h\\^°Ll°iI)U\x\>R'ufL’rLS{I) 


the last inequality following from (15.11) and the interpolation of (I8.34|) and (18.391) . 
We have 


WA"^ Cjj^'u\\lilI(i) 


< 


< 


W¥ 


The other “ LlL'^ ” terms are treated in a similar way. Next 


L+Lx (I) 


Ms *^1^4, 


by (|8.38l) and (15.11) . The other (J) term is treated in a similar way. There¬ 
fore, by a continuity argument, we have ||a;^'it|| _ 2 n < /tq which implies, by 

(/) 

the pigeonhole principle, that there exists t € / such that 


</4§. 

Now, since 

(8.42) ^ 0 

as t goes to inhnity, we see that, if to is large enough 


(8.41) 


|l|x|<fi'«(^)ll ^ 


(8.43) ||l|,,|<fl'u(t)||^^ <nl 

But this leads to a contradiction. Indeed we see that if to is sufficiently large, then, 
by Proposition 18.11 we can find J := J(p.i) > 0 and xi{t, fii),..., xj[t,^i) such that 

f t I It \v(t,x)\^ dx < Ui 

and substracting this inequality to (18.351) ( taking again into account that 
M+||i 2 <C ^1 by Holder and (18.421) as t —oo ) we see that 


and by Holder 
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(8.44) >J 

which contradicts (I8.43|) . □ 

With this lemma in mind, one can prove the final asymptotic spatial localization, 
i.e Proposition 18.91 The proof is given in |23j : in order to make our argument 
complete, we rewrite it. 

Let /2o, /ioj Ml, Ml and /i2 (with /i2 ^ Mi and /2i < /to) small enough such 
that all the inequalities below hold. We already know from the asymptotic partial 
spatial localization (see Proposition 18.11) that one can hnd numbers Jo := 

Ji := Ji(mi) and points xi{t), .... ,xjg{t), zi(t),...,zjj(t) such that 


(8.45) </ig 
and 

(8.46) ^4 

1<J <-^1 3 ^ •'1—^1 

We aim at proving that in fact 

(8.47) <fll 

We write \v{t,x)\‘^dx = A + B with 

and 

^ /{infi<j<j^ |a;-^j(t)l>M7^}n{U‘',^_ |a:-z , (t)|</iy^} l^(^’^)l 

J _i J 

-2 , 

A is easy to estimate: we have >1 < ^, by (I8.46p . Let j £ [1..., Ji]. Assume that 

-2 

By iterating Lemma [ 8 . 101 ^ ^ times, we see that 

^4 

(8.48) l^^(i,^c)pdx >/l2 

Hence, in view of (I8.45L {|a; — Zji{t)\ < m)"^} C |infi<i<Ji \x — Xj{t)\ < So 

B < ^ and (I8.47|) holds. 
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9. Perturbation argument 

In this section we prove the following perturbation argument: 

Proposition 9.1. ’’Perturbation Argument” Let I = [a, b] be a bounded interval 
and to G I. Let go > 0. Assume that (u, v) are solutions of C3P and that u satisfies 
U-4\ >- There exists gi := gi{\I\,go) such that if 

(9.1) \\e^(*-*o)^\u{to)-v{to))\\xii) <111 

then 

(9.2) ||m-i;||x(/) < Mo 

Assume furthermore that 

(9.3) ||u(to) - v(io)llL 2 ^ 1. 

Then 

(9.4) \\u-v\\l^lI{i)<\i\1 

Proof. Notice that we already now that from Proposition 15.II that 

(9.5) (|i^l)“. 

Then, let w := u — v. A simple computation shows that 

iwt + A'^w =F{v + w) — F{v) 

The proof is made of two steps: short time perturbation argument and long time 
perturbation argument (see [4] for a similar argument). 

• short time perturbation argument. We can assume without loss of general¬ 
ity Mo 1. We shall prove the following result: 


Result : 

Let J = [a, b] C I. There exist four constants 0<c<Cl, 0<e<Cl,7»l, 
and C 1 such that g <e, 


(9.6) 

and 


\J\ < 


PI)" 


||e^(‘-“)^^«;(d)||x(j) <M, 

then 


Ikllx(j) 

\\VF{v + w)-\/F{v)\\ 

LlL 


(J) 


2n 


X 


(J) 


< Cg, 

< Cg, and 

< Cg- 


(9.7) 
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Proof. By (12.2|) . Remark [131 ()1.411 . the estimate 

\\P<lf\\LS < Wfh^, 

we see that we have, for some /3 > 0, 


(9.8) 


By (12.3L (15.11) and the estimate 


< + w) — 2n 

<l-/|''lkllY(T) (i + lkll^lT))- 


l|i">l/llz,« < WfWm 

we get 



1 


max(||P>iw||^^„^Q(j^,||R;||^,ovi/2,ro(j)) -/r 


< ||VF(i; + w)— VF(v 

< 


(P {v + w) — F (w)) ■ Vt _ 2 , 

L?L^- 


■(J) 


F (v + 10)^10 


LtLZ 


< 1^1^ (ikllx(j) + Ikll^(^) + (|/|)“(i + lkll^-(^))) • 

Hence if (19.61) holds, then (19.711 holds. 


’■(J) 


□ 


• Long time perturbation argument. 

For to be chosen shortly we define {fJ.k}k>i in the following fashion: 


(9.9) A^?s+i — Ml + Sj=i 2CMj- 

Let {Jj}K>j>i be a partition of [to, 0 such that 


except maybe the last one. Choose mi ^| 7 | 1 so small that Mfe ^|/| e for 
k < K. We claim that 


lkllY(j,-) < Cmj 

||F(u + w;)-F(u)||^^^^^^ ^ <C/ij 

||VF(u + r;)-VF(u)||\ ^ <C^i,. 

L^Lx {Jj) 

This is proved by induction. Assume that (19.101) holds for 1 < j < fc < AT. 
Then from (11.21) . (12.2L and (12.31) . we see that 


^The same argument would work on [a, to] 
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(9.11) 


+ E,til|VF(i; + H-Vnz;)|| ^ 

< Ml + Z)j=i 2C/7j 

< e. 


We can now apply the previous result to get (19.101) for fc = fc + 1. 

Hence, summing over j, we see that (|9.2I) holds by making /ii smaller if 
necessary. 

Now assume that (|9.3D holds. By repeating the same scheme as (EH) we 
see that 


WwhrLiii) < 1 + \ifMxii) (i + Ikll^-^l))) <|/| 1. 

□ 


10. Kernel estimate 
In this section we prove the kernel estimate (18.271) . 


10.1. General notation. In the proof of (|8.27p . we use the following notation. 
Given d > 1, let ry, 77 be two smooth radial nonnegative functions such that 

y G : r]{y) = 1 if |?/| < 2 and r]{y) = 0 if |y| > 4- 

supp( 7 ?) C B{0, 1) and fj dy = 1 
If / is a function then we let /^ := 1 — /. 

10.2. Preliminaries and bipolar coordinates. Let fpxiO ■= I'CI^ + ^ • x and 

^st ■= — ‘I the stationary point of (px, i-e the point ^st such that Vpxi^st) = 0 . 

43 |x| 3 

Let 


I { x ) := / d ^- 

Recall from [T] that if a G then 

(10.1) \ d ‘^ I { x )\ < —4m • 

(x) 3 

We introduce the modified fundamental solution / by writing 


( 10 . 2 ) 

with 


/(x) =e*«“‘-^J(x) 
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( 10 . 3 ) i{x) := [ d^- 

Jr-^ 

We shall prove in Section [TT] that for all /3 S N 0 

( 10 . 4 ) \d^,Hx)\ < 

(X) 3 

We have 


K 


ito-t')i (t"_io)4 


¥ ft 






X-V 






T ) ixli) {x)dx, 


with 


4>ix) 


- 4 “ 


|a; - y|3 
{to - t')i 


{t"-to)y 


We shall estimate without loss of generality K in the following case: 


y = 0, and a > 1. 

with a := . Indeed, one can check that the estimate of K in this case is 

t —iQ 

invariant under the transformation x —> x — x with x € . Hence by elementary 

changes of variables, all the other cases boil down to this one. Notice that this 
implies that z 0. 

Observe that the phase depends only on the two variables p := |x| and 
a := \x — z\. Hence it is useful to make a change of variable that emphasizes these 
two variables. To this end we use the bipolar coordinates (see e.g [6l[7]) w.r.t. the 
origin O and z. Given x G R", we let p := |x| and cr := |x — z\ be the bipolar 
coordinates w.r.t O and z. Recall that 


(10-5) lRr.f{x)dx - dpdadS^,- 

Here TZ denotes the following half closed rectangle 


TZ : {(p,cr) G R^ : p,cr > 0; p < cr + |z|, cr < p + |z|, |z| < p + cr-} , 
with boundary dTZ made of three sides 

dn-.l := {(p, cr) G 7^ : p-a= \z\] , 

dTZ : 2 := {(p, a) € TZ : p + cr = |z|} , and 

dTZ : 3 := {(p, cr) G 7?. : p —cr = —|z|}. 

Here A denotes the area of the triangle with vertices 0, x, and z; its value is given 

by the Heron formula 

(10.6) i(p + cr+ |z|)3(p + cr- |z|)5(p-cr + |z|)^(-p+cr + \z\)^ ■ 

^ Here dp means the radial derivative 
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Here w' represents the angular variable which parametrizes the (n—2)— dimensional 
sphere that is obtained as the intersection of the (n — 1)— dimensional spheres 
{x G M" : |a;| = p} and {x G M" : \x — z\= a}. Define the regions TZa and TZh by 

Tla := {(p, a) €TZ : p'>\z\ and cr > |z|} , and 

TZb ■= TZ/'R-a- 

Observe that p ~ cr on TZa and p ~ \z\ ot a ^ \z\ on TZb- 

We then estimate K by passing to the bipolar coordinates. The main advan¬ 
tage of this change of variable is that it considerably simplifies the estimates of the 
derivatives of the phase. The two main disadvantages are the following ones: 

• it tends to “bound" the region of integration so one has to handle the 
boundary when we integrate by part the phase. 

• the integrand has less regularity so it is more difficult to handle. Observe 
that when we apply the formulas (110.51) and (110.61) the integrand is more 
singular as we approach dTZ. More precisely, the derivatives w.r.t p and a of 

have very bad decay in the region of integration close to dTZ. Observe 
also that the integrand is not differentiable more than times for a 

large number of dimensions on dTZ. Hence it is preferable not to integrate 
the phase by parts w.r.t to p or cr in this region. 

In order to deal with the second disadvantage we use the following strategy: 

• on TZb we integrate by part the phase w.r.t. p or cr in the region far from the 
stationary point (0,0) and far from the dTZ. It occurs that K is integrable 
for high dimensions thanks to the weights in (110.41) in the region far from 
(0,0) and close to dTZ] hence one can estimate K directly. However for lower 
dimensions K is still not integrable in this region despite the presence of 
weights and one has to integrate the phase by parts just a few times w.r.t 
p or cr to get integrability of K. 

• on TZa and far from (0, 0) we cannot estimate K directly even if we are close 
to dTZ, since the region is too large to get integrability of K. So we integrate 
the phase by parts w.r.t p' := p + cr. Notice that when the derivative w.r.t 
p' hits the factor (p — cr -|- \z\)^^ or the factor (—p-|- cr -|- 1^1)^^ of 

it is equal to zero. Notice also that the derivative w.r.t p' of the factor 
(p-l-cr—or (p-|-cr-|-|z|)'^ of has good decay since both factors 
are approximately equal to p’ . Hence this procedure kills the singularity 
when the derivative hits by integration by parts. However there is 

a drawback to this strategy: one does not optimize the oscillations of the 
phase to the most, in particular in the regions where integration by parts 
w.r.t p (resp. w.r.t a) yields better decay than integration by parts w.r.t a 
(resp. w.r.t p). So we cannot integrate the phase by parts as much as we 
want. In fact, we will integrate the phase by parts at a well-chosen distance 
from (0,0) just enough to get integrability of K. 

When we use the bipolar coordinates, one has to estimate integrals J of the form 

( \ n—3 

4 ) dpdadSoj" 


J := 
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Let [J] :=/^ . Let G {p,cr}. 

10.2.1. TZa and TZb. We need to differentiate TZa from TZb- To this end let ip be the 
convolution of and (p, cr) ^ following holds (with a G N) 

m\ < 

The same estimate holds for 
Hence we can write J = J‘^ + with 


J“ := J e‘^[J] Ip dp da dS^j' 

{p,(t)^TZ 

Jb ■- f dp da dS^, 

10.2.2. J“; inteqration by parts w.r.t o'. In order to deal with J“, we write J“ = 
•^ci I (^) ['^'^] dp da dSoj', and 

(p,(t)g 7 ^ 

Jfar--= I e^^pUbL)[J-]dpdadS^,, 

{p,(t)g71 

and e > 0 to be determined. 


10.2.3. r: integration by parts w.r.t p and w.r.t a. In order to deal with A, it is 
worth determining the regions of the plane for which the integration by parts of 
the phase w.r.t p yields better decay estimate than the integration by parts w.r.t a. 
Roughly speaking, we integrate by parts w.r.t p in these regions and we integrate 
by parts w.r.t a in the complement of these regions. To this end we consider at 
first sight two integrals: 

• the integral appearing from the integration by parts w.r.t p that contains 
the term dp 

• the integral appearing from the integration by parts w.r.t a that contains 

the term ) 

\dciJ 

We have 





In order to emphasize this region, let Hp be an homogeneous function of degree 0 
and smooth away from the origin, such that Hp = 1 on |(p, cr) G : |p| > |cr|| 

and Hp = 0 on |(p,cr) G : \p\ <C a3|cr||. The following holds: 


if IpI 


04 cr 


\dk^. 


'fe“pi ^ i4° 


if not : 


d^np = 0- 


n 

The same estimate holds for := Hp . 

Hence one can write as the sum of the with 


Jb ;= f dp da dS^>, 

(p,o-)e7^ 
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Given e > 0 we can write as the sum of two terms 

Jl.ci ■= I ( 7 ) [-^fc] and 

{p,(t)G'R- 

Jl.far ■= f ( 7 ) 

(p,cr)e7^ 

10.2.4. J^.far- neighborhood of dTZ and interior. In order to deal with we 

need to differentiate the neighborhood of dTZ and its interior. To this end we make 
a partition of TZ that emphasizes the neighborhood of dTZ and the interior. Given 
/? > 0, write 


1 — f2i + O 2 + fla ff 

with 

and 

Hence one can write J^-far as the sum of 

Jt.far,dn:l ■= / 

(p,(t)g7^ 

with I G {1, 2, 3}, and 

•^k-. far,dTZ: far '= / ['^fc:/ar] ^ 4 !^ dp da dS^i'' 

The following hold: 

I G {1,2,3} : \d^fli\ < and 
|5fc“(^{4l7^)| < 

We shall estimate Jt-.far,on-.far t>y integrating the phase by parts w.r.t k. 

10.2.5. Estimates for dl ■ We also need some estimates for dl 

We have 


/ p+<T-\z 

I 0 




(10.7) 


f N (r) H I I - ^5’ 

(p,<j)gTZ 


with c a small positive constant. 


10.2.6. Proposition. We finally state the following proposition, the proof of which 
is left to the reader. 

Proposition 10.1. Let (Ai, A 2 , oi, 02 , 7 ) S K®. Let {x,y,z) G and e G (0, 00 ]. 
Then the following holds: 













32 


TRISTAN ROY 


*/ Qfi + a 2 + 7 > 1 then 






if \z\^\y\ then f fix < 


We are now ready to estimate K. Write (to — t') 4 (t" — to)'^K = J“ + 


k 



So it is sufficient to estimate J“ and the s. 


10.3. Estimate of Write as the sum of and Jp-far- 

10.3.1. Estimate of Jp.^i- Notice that on the region of integration of A < 
\cr\\z\. We have 

( 10 . 8 ) 



10.3.2. Estimate Write as the sum of the J^-jar^dn-.i and Jp,far,d'R.-.far- 

Estimate of J^p.jgr.dK jar 

We integrate the phase by parts w.r.t p. Notice that during the process one has to 
estimate integrals that depend on the derivatives of </>. This integrals are estimated 
by pointwise bounds of the derivatives of tp. Since the dependance is not so easy to 
write, it is more convenient to introduce classes of functions that satisfy the same 
pointwise bounds and to estimate the integrals depending on arbitrarily functions 
/ lying in these classes. 

We define (with {p,q) G 



2 ) 


Given r := (ri,..., r^) G N® and j G {1,..., 5} we define 77 + := (ri,..., Vj + 1,.., r^). 



we define Kp^j!{f) := f e^^Xp^p{f) dp da with 
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XpAf) 




Assume that = 0. Integrating by parts w.r.t p, we see that there exist g € 
Rud h G Qp-|-l,ri 


KpAf) =J^XpAf)dpda 

idpcj) 

= -J e^^dp (—XpAf)] dp da 

\iap4’ ) 

= i , 

Since an-far^ by iterating over p, that we are reduced to 

estimate 


• KpAI) for r£Vp such that rs = 0 and / G Qp,ri and 

• KpAI) for r£ Vp, 1 < p < p, such that 7-5 = 1 and / G Qp.n- 

Notice again that on the region of integration of KpAf), ^ WWA- If is worth 
choosing e by considering only the term KpAf) with r := (p, 0,..,0) for p large 
enough to assure integrability of (110.101) : the estimate of this term is the same as 
the one for which the integration by parts hits the derivative of the phase p times. 
We have 


(10.9) 

\KpAf)\ 


^ I 

IpI^s 


4p 

IpI 3 




kl^lpl 





TT da dp < 


(tp-t') 


n — 1 4p 
a 4 € 3 


-r 


So optimizing in e in (I10.8|) and (110.91) we find e « (to — t')i. Choose /3 = e. We 
shall see shortly that this choice of fd is convenient. We now estimate the other 
terms with this value of e and /3. 

If 7-5 = 0 then 


( 10 . 10 ) 

\KpAf)\ 


r {tp-t 1 _ 1 

J |p|§ 


< r do-*') ^ _L 

^ IpI 

< I 

|p|~e 

< _ 


(t0-*')3 1 


ipr 


I I £ eP 

IpI 3 „-i 


(to-*') 3 


71. — 1 4p 
a 4 € 3 ■ 


-r 

(tp-t') 4 


‘2n • 


(to-t')l 


yn + T’3 dp 

-3- 


1 __ i_ r 

" + ^3 £'■4 J 

kl$|p| 


kr 


(t" -tQ)3 


■ da dp 


this is the same estimate as (110.91) : and if 75 = 1, then from (110.71) we see that 


Wl-Oi 
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( 10 . 11 ) 

\KpAf)\ 


< 


(p.' 


I 




)en 

>e 


< 




1 1 1 ap 




da dp dSoj’ 


Estimate of for AA9 


If n > 9, then, ignoring the compact support of (x^s)' S \Jp-.far,dTZ:l\ is bounded 
by an integrable expression thanks to the weights in (I10.4[) : more precisely 

\Jp-.far,dTZ:l\ 


using ^ < £2 |tT| 2 \z\ 

Estimate of Jp- far^on-.i for 5 < n < 9 


< (to - - to)T~, 


kr 


(t -to)5 


TT da dp 


Observe that if 5 < n < 9 the integral above is infinite. Hence, in order to get 
integrability and use the oscillation of the phase to our advantage, we integrate by 
parts a small number of times w.r.t p. 

Observe that if we apply dp to A on the region of integration of J^p.far dn-i^ 

( 10 . 12 ) 

^ G N and a G N 
or 

^ N and a < 

The second term of the right-hand side of (110.121) appears when the derivative hits 
the factor of A bounded by £ 2 ; the first term appears when the derivative hits the 
other factors of A. (110.121) is constantly used in the sequel. 

We define Ai by 



1 = 1: Ai ■.= A{—p + a+\z\)~^ 

1 = 2: A 2 := A{p + a - \z\)~^ 

1 = 3: yla := A{p - a + \z\)~^ 

In the sequel we use the estimate Ai < |<t|^| 2| on the region of integration. 

n G {8,9}: Integrating by parts once w.r.t p, we have integrals that are bounded 
by the finite integral X defined by 


^Here we should not take into account (x^s) to assure integrability. Indeed, despite the fact 

^5 

that it is compactly supported, its support depends on the size J(M, ^3). So it may be really 
large compared with Iq — t' or t — to in the case where to — t^ ~ t — to ~ 
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(10.13) 






(to-U)^ 


/ 


(<7)~ 




. // . 

(t -‘o)^ 


■ dcr dp 




n = 7 : Integrating by parts twice w.r.t p, we have integrals that are bounded by 
finite integrals that are similar to X. Hence we get the same bounds that have the 
same form as (110.131) . 


n = 6 : Integrating by parts once w.r.t p, we have integrals that are bounded by 
finite integrals that are similar to X if the derivative does not hit the factor of A 
bounded by or One can also estimate thanks to (110.71) the integral which 

As 

appears if the derivative hits (x^a) ■ It remains to estimate the integral which ap¬ 
pears when the derivative hits the factor of A bounded by ei. Integrating another 
time w.r.t p, there are again integrals bounded by finite integrals similar to X and 
the integral which appears when the derivative hits twice the factor of A bounded 
by £ 2 . We only deal with the case 1 = 2. The other cases are treated similarly and 
left to the reader. The integral is bounded by Y defined by 


Y 


_ r (to-t')3 

(pJ)GK lAl* 

|p|^« 


(to 

1 


- / 

|p-(-cr-|z||<e 


kllp| |p+ct-bl 
Id 


(t -to)4 


(^f) 


n—3 


< r (to-t')3 
^ |P|>. I'’!* 

. (to-t')4 

-to)^ 


T 


- max 


n — 1 

kl ^ 


(t -to) i 


n- dp 


da 


n = 5 : Integrating by parts twice w.r.t p, one can estimate integrals by bounds that 
have the same form as (I10.13p . using a similar procedure to the case n = 6. One 
has also to estimate the boundary term that appears when we apply the second 
integration by parts to the integral that appears when the derivative hits the factor 
of A bounded by e^, more precisely 


- / / \ \ 71 — 3 


dS^ 


(p,a)GdyZ 


(Here rip is the p component of the normal n). It is bounded by Y^ defined by 




|p|: 


(to-t')3 
-2- 


IpO 






ir 


max 

kl£|p| 



dp 


10.3.3. Conclusion. We conclude that there exists a small positive constant c > 0 
such that 
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(10.14) ^ 


10.4. Estimate of Write as the sum of and J^.far- 

10.4.1. Estimate of Notice again that on the region of integration of 
^ WWA- We have 


(10.15) 






kr 


■f, 




dp da < 


TT" ' 


k (t -*o)^ / \(‘o-*0^/ \ (‘ -*o)^ , 

10.4.2. Estimate Write as the sum of the Jl,far,dnd and Ja-.farMiz-.fav 


Estimate of J^^.jgr.an-.farl 


We estimate on-far integrating the phase w.r.t a. To this end we de¬ 

fine (with (p, q) G N^) 


Qp., :=|/GC-(M-{0}): |a“/(a)| < a G n| • 

Given f = (n, ...jPs) G N® and / G Qp,ri we define ifcr,f(/) •= / dp da 

with 

XaAf) ■■= fA) d? (f) i X 

{w^)) («a«e (#r)”") 3? {KA ■ 

Assume that = 0. Integrating by parts w.r.t a, we see that there exist g G 
Sp+l,ri + l Rud h G Qp+l,ri 

K^Af) =J^X,Af)d<Jdp 

= — / e*'^i9cr \^—AXa,rJ da dp 
= * ( 

V J=2 

Hence, since g(l) = Ja-.far,dR-.far, we see, by iterating over p, that we are reduced 
to estimate 

• K„Af) loi' ^ ^'Pp such that rs = 0 and / G Qp^n and 

• K^Af) loi' P ^ Pp^ 1 < P < P, such that = 1 and / G Qp.n, 

Notice again that on the region of integration of K„Af)^ -d ^ IcrUzI. It is worth 
choosing e by considering only the term ^(/) with A := (p, 0,.., 0) for p large 
enough to assure the integrability of (110.1711 : the estimate of this term is the same 
as the one for which the integration by parts hits the derivative of the phase p 
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times. 
We have 


(10.16) 




(tp-t')? |a-|^ 


. // . -Y' 

(t -tp)^ 


^ f 

O J I 


3 




IT dp da 


< 






, (t -to)4 

So optimizing in e the upper bound of (jlO.1511 and ()10.16|) . we find e ^ {t — to)i. 
Choose /3 = e. We now estimate the other terms with this value of e and /3. 

If rs = 0 then 


(10.17) 

\K.Af)\ 


< 


f (to-t')§ 1 _ 1 

.|>, (aki)S 


kr 


kl 

< r 1 

-1 ^ I FF 

|<T|aie (“kl)^ 


(‘ -tp)^ 


t £'■4 
3 


- f 

'■4 J 


kl^a^kl \ ■—~Tr 

k (to —t')^ 


kr 


(t"-to)^ 


w(^0 - da 




< 


(t -to)3+g 


e"5~ 


I (t -to)^ , 

this is the same estimate as (I10.16|) : and if rs = 1 then from (110.71) we see that 


(10.18) 

I I.-' f 4-\l <' r (ip-i')§ 1 1 1 crp 

(p.<t)G'R ^ 


(^) 


n—3 




dp dcr 


<it" 


Estimate of Jljgr.dUd for ^ > 9 


Q 

If n > 9, then, ignoring again the compact support of (x^p ) , \ A.far dn-i I bounded 
by an integrable expression thanks to the weights in (II0.4|) : more precisely 


\Jl. 


far,d'lZ:l I 




kl^e 


I 


kl 3 


I (t -tp)4 


kl^kl 


(tp-t')4 


■ dp da 


using ^ < 62 IpI 2 \z\. 


Estimate of J^.fgr^dn i for 5 < n < 9 


dp da 
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If 5 < n < 9 the integral above is not integrable. Hence, again, in order to get 
integrability, we integrate the phase by parts a small number of times w.r.t cr. 
Observe that the estimate Ai < |p| = |^:| on the region of integration of J^ fardit-n 
with Ai defined in the previous subsection. Observe that if we apply da to A on 
the region of integration of Ja far dn i^ then 

(10.19) 

G N and a G N 
or 

^ N and a < [^] 

The second term of the right-hand side of (110.191) appears when the derivative hits 
the factor of A bounded by e2; the first term appears when the derivative hits the 
other factors of A. These estimate are constantly used in the sequel. 

n G {8,9}: Integrating by parts once w.r.t cr, we have integrals that are bounded 
by the finite integral X defined by 



21^ r (to-t')l 


( 10 . 20 ) 




kl>e 


(“kl)3 






- ^ / 
k|>|p| 




(tQ-t')'i 


dp da 


n = 7 : Integrating by parts twice w.r.t a, we have integrals that are bounded by 
finite integrals that are similar to X. Hence we get bounds that have the same form 
as (I10.20|) . 


n = 6 : Integrating by parts once w.r.t cr, we have integrals that are bounded by 
finite integrals that are similar to X if the derivative does not hit the factor of A 
bounded by or (x^s) . One can also estimate thanks to (110.71) the integral which 

Ms 

appears if the derivative hits (y^a) . It remains to estimate the integral which ap¬ 
pears when the derivative hits the factor of A bounded by e5. Integrating another 
time w.r.t cr, there are again integrals bounded by finite integrals similar to X and 
the integral which appears when the derivative hits twice the factor of A bounded 
by £2. We only deal with the case 1 = 2. The other cases are treated similarly and 
left to the reader. The integral is bounded by Y defined by 


(t"-to)3 
- 7— 


Y ■■= I 

{p,a)en 

kl>e 


< f 


1 
e 2 


- I 

|p-H<r-|z||<e 

kl^|p| 


kl|p| |p+CT-k| 

kl 


-v 

-to)« 


max 

klS:lp| 


IpI' 


(to-t')i 


^ (to - t') 4 {t - to) 4 


(to-t')i 


da 


Uiit) 


n—3 


da 


n = 5 : Integrating by parts twice w.r.t cr, one can estimate integrals by bounds that 
have the same form as (I10.20|) . using a similar procedure to the case n = 6. One 
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has also to estimate the boundary term that appears when we apply the second 
integration by parts to the integral that appears when the derivative hits the factor 
of A bounded by at the first integration by parts, more precisely 


/ e 

(p,(T)Gd7Z 


(tp —t ) 3 

(acr) "S' 


\ n—3 


Ua- ds dSoji 


(Here ria is the a component of the normal n). It is bounded by Y, defined by 


V _ r (*o—*') ^ 


— --n- max 

/-2-]- ) a^kl^lpl 

\ / 

- 






(to-t')I 


TT 

T 


da 


10.4.3. Conclusion. We conclude that there exists a small positive constant c > 0 
such that 


10.5. Estimate of J“. Write J“ as the sum of and Jfar- 

10.5.1. Estimate of Notice again that on the region of integration of J^i, A < 
\a\\z\. We have 


( 10 . 21 ) 

ksi 


< f 

|p|£e 

|p|~kl 



da dp 



10.5.2. Estimate of We integrate the phase by parts w.r.t p'. 
We define (with (p, q) G N^) 


Qp., :={/€C-(R2_{(0,0)}): |a“/(p, a)| < a G n| • 

Given r = (ri, ...jTs) G N® and / G Qp.n we define Kpi^p{f) := f e^^Xppp{f) dp da 
with 




Af) ■■= /(ft ft) 3? (^“ (4) * g (g)”' ) g? 




(t0-t')4 

Assume that = 0. Integrating by parts w.r.t p', we see that there exist g G 
Qp+i^n+i and h G Qp+i,ri such that 


Kp'Af) = f ^Xp,4f) da dp 

= - / e'-^dp' (—^Xp,^p{f) \ da dp 


= i {Kp,^^{g) + E A:py?-^(/i) 1 > 


Since K^, g(l) = we see, by iterating over p, that we are reduced to estimate 


g' {aid 
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• Kpi_p{f) for r GVp such that rs = 0 and / G Qp,ri and 

• Kpi_p{f) for r G Vp, 1 < p < p, such that rs = 1 and / G Qp.n- 
Notice that on the region of integration of Kp/^p{f), \d^,A\ < |p|““(|(t||z|). 

n > 6 : Let p := + 1 so that (I10.23|) is integrable. It is worth choosing e 

by considering only the term Kp, i^[f) with := (p, 0, ..,0): the estimate of this 
term is the same as the one for which the integration by parts hits the derivative 
of the phase p times. We get 


( 10 . 22 ) 

\Kp'Af)\< I 

\P\^^ 


4p 


IpI 3 




3 


I 

|p-o’l<bl 



1 



■ da dp 


< 


{tp-t') 


4p 

eT' 




Optimizing e in (110.221) and (110.211) we find e ~ (tg — ^0^- H remains to estimate 
the other terms with this value of e. From r € Vp and (110.71) we see that if rs = 0 
then 


— -r 

(t -to)3 


3 


(10.23) 

I^^p'.t(/)I 

< j (tp-t')^ 1 


IpI^e 


lpl§ 


1 r kl"-' 

iErS- J —fip 

" |p-'^l<bl 








< 


{tp-t')3 


/ ^ , 

^§+»'1+t’2+t’3 / p 

-toA-; 

and if rs = 1 then 




r4 

(i"-to)T 




i + r4 


dp 


-prrdcrdp 

3 


(10.24) 

\KpAf)\ < f ^ 

(p,{t)G'R- 
< (to - t')T-(t" - to)^~- 

n G {5,6}: choose e := (to — t')i . If rs = 0 then dividing into the two cases 
e < (t" — to) i and e (t" — to) ^ we can easily estimate the integral at the second 
line of (I10.23|) . If rs = 1 then the procedure to estimate KpiAf) is similar to 
(110.241) . Again we find bounds of the form (to — t')^~(t'' — to)^~■ 

10.5.3. Conclusion. We conclude that there exists a small positive constant c > 0 
such that 


-*') 3 1 

pS (to 




1 crp 

-7-4- 

(t"-to)^ 


Id 


(n) 


71 — 3 


«;-(< 




)“) 


da dp dSa. 


(to-trHt''-to)-AJ‘^\<jprAr- 

11. Modified fundamental solution: estimates of its derivatives 
In this section we prove (110.41) . 


Let (ei,...,e„) be the standard orthonormal basis of K”. Rotating if necessary 


CA:|“ai 
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we may assume WLOG that x = \x\en- In view of (110.11) we may assume WLOG 
that |x| S> 1. 

We then estimate (x) for a € N” such that |q;| = /3, with 

defined by 

(aa7)IGd:/- d^, 

with 


by integrating by parts the phase . Indeed observe that the stationary point of 
(j>x is also ^st- Since we expect that the main contribution of d^I{x) to be around 
^st^ we first try to localize coarsely our analysis around ^st- This procedure will 
not only allow us to considerably simplify the estimates of the derivatives of the 
phase around ^st when we perform later our analysis at a finer scale around ^st but 
also to avoid handling the boundary term at the origin when we pass to the polar 
coordinates later. Observe that if ||^| — |^st|| ^ 1 then 


Hence 


|V^.(OI 




11^1-16*11 >1: |V^.(6I>I6*P 

16 » 16*1: |v<^.(6l>iep- 

Hence, by repeated integration by part using the formula we 

easily get 

TVeN: |(a“/)l«-ldar| 

Hence it suffices to prove 


( 11 . 1 ) 


/r" 




< 


|a:| 


t+F 


Passing to the polar coordinates, an easy computation shows that (111.11) follows 
from the following estimates 


Here k G {cl,med, far}, 


I f\^at\'.cl;Tr:k 

16 


(a^)l< 



j\U\.ci-,-K-k := |cr„-2|e*l“ll^'’‘l/jj/J"s” ^77(5 - |6t|) (|6tl+scos6i)^e*‘^-(sin6i)"- ^ 

with 6 denoting the geometric angle between and 6 o'n -2 denoting the surface 
of the n — 2 dimensional sphere. 


ili^{e)deds, 
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4 >x '■= + s|a;| COS0, 

(resp. '0'^“’') denoting a smooth function that is supported in a small neigh¬ 
borhood of TT (resp. 0) and equals to 1 near tt (resp. 0), and := 1 — 0'^* —0/“’'. 

We first estimate and 

Integrating by parts w.r.t 6 (resp. w.r.t s) the phase , we can estimate 
(resp. We get 


( 11 . 2 ) 


£ N, fee {cZ,TOed} : 


fl4st|:c/; ir:fc 


< 


N 


1 



We then estimate either integrating by parts the phase w.r.t s 

or 9 using the formula. Following the same strategy as in the previous section it is 
worth considering at first sight two integrals: 


• the integral appearing from the integration by parts w.r.t s that contains 

the term dg [ ) 

\9s'i>x / 

• the integral appearing from the integration by parts w.r.t 9 that contains 

the term dg { ) 

\9q4>x J 

On the support of the integrand of have 


4s3 - |a;| -I- -I- o(|a;|(7r - 9^) > |a;|5 |7r - 9\ 


^ {s,9) e Tg, 

with 

r, :={(s,0): 0G[O,7 r] and n - 9 < } ■ 

In order to emphasize this region we introduce O, an homogeneous function of 
degree zero w.r.t (|^st|, t) 0 and smooth away from (|^st|,7r) such that O = 1 on Fs 
and O = 0 on Fe with 


re:=|(s,6»): 6 »G[0 ,7r] and tt - 6> > ' 

The following holds (with fc £ N): 


(11.3) 


|s - \U\\- ^ liqilTF’ 


|s - Instil > or |s - Instil < then 5^0 = 5^0 = 0- 

The same estimates hold for 


’i.e Q (A(s — l^stl, 0 — tt)) = Q (s — |^st| , 0 — n) for all A 7^ 0 
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Hence, in view of (111.21) we are reduced to estimate tt.cI 

defined by the following 


pu\--ci-, ^-.ci _ s^-\(s - (|6i| + scosdf (sin0)"-V"'(0)d0ds, and 

^-.cl _ jrr | ^ ^OS 0)^^ (sin 0) —V"'W 


We first estimate /I,€'’*l-cb7r.cz^ 

We have with 

flUI-.oi; ^-.ci n s^-^r]{s - |^^t|) {\U\ + scos9f {sm9)'^-‘^^‘^^{0) d9ds, and 

j|6*J:cZ; .-.cl _ j^jn ^ ^ cOS 0)'" (sin 0)"" V"'(0) d9 ds- 

Observe that on the support of O 

(s,0) e supp (O) : ll^stl + scos0| ss |s - |^st|| , 

(s,0) e supp(O) : \ds^x \ « ICstP |s - \^st\\ ■ 

These observations are implicitely used in the sequel. We have 


4|Cat|:cZ; Tr:cl 


<iCstr ^/|.-i^,qi<jg-k-^r ^d9ds 


\x\ 3 

We estimate by integration by parts of the phase w.r.t s. If we 

integrate by parts p times with p ^ 1, we have to estimate many integrals. It is 
worth choosing e by considering only the integral K that contains only the term 

(Mi))'.- 


^ - ImIo n s^-^p{s - ICstl) {\U\ + s cos9f {sin9)^-^^^^(9) d9 ds 

We have 


(11.4) 

\K\ 


< 


IMtT V|s-I4,p|>e l^tPpfJ-lcLlpp ii^_e|<l£H£^tm£Mli M ^ d9 ds 


FT 


Hence 


\K\ <\U 


In—1 


e2p|^^j|2p|3,|”3" 


Hence, optimizing in e the upper bound of ' + we see that e Ri |^s 
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We now estimate the other integrals with this value of e. 
Given p G N, let 0 


Qp := {/ e C- ({0 < Is - \U\ < 1} X V(t)) : |9“/(s,0)| < , « e n} • 

and0 


Kp := 


Jr Jo fj fi fj(s - ICstDs"-' + s cos 0)^5 (sin 0)"-2^'='(0) d0 ds, 

f € Qp and fj {resp. fi and fj) behaving like {resp. fl and p) 


Integrating by parts the phase w.r.t s, we see, in view of ()11.3p . that 


Kp d Kpj^\’ 

Since /lyy*’ G Kq, we get 

^ RHs of (nm < iCstr-^ 

Hence 


|j|5st|:ci; 7r:cZ| 



We then estimate 


We have 4^'’*'^'='’ 


flCsthcZ; -n-.cl tt-.cI 

^e,cl ~^^9Jar 


with 


fl4st|:ci; Tr:cl 
^e,ci 


flCstfcI; Tr:cl 
hjar 

We have 


- IrIJ e*^-77(^) hC s^-^p(s - |C«t|) (I6t| +SCOS0)^ {sin 9)^-^ r\0) dO ds, and 

- Ir Io (^) s'^-^pis - ICstl) (ICstl + scos0)^ (sin0)"-V"'(0) dO ds- 


I f|C«t|:ci; -K-.cl 

de,ci 


- l^siT d|7r-e|<eb-|C,t||<M!^ (|S |Cst|d 

< max (e'^+", e2/3+n) 


|6t|^k - ds \n 


9\^ 


We estimate by integration by parts, using the formula dge^^^ = idg^xS-''^'^ ■ 

Again, if we integrate by parts p times with p ^ 1, we have to estimate many inte¬ 
grals. It is worth choosing e by considering only the integral K that contains only 

the term {^dg (j^)) ’ 

K ■■= /m/o" (dg (^))%'^ (^) ^ s^-^p{s - |6t|) i\U\ + scos9f (sin0)"-V"'(0) d9 ds- 
We have 


®Here V(7r) denotes a small neighborhood of tt 

^®a function / behaves like g if it (and its derivatives) satisfy the same estimates or better 
estimates as g (and its derivatives) 
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< |C.t|^+"max(e'^+",e^'^+") 


Hence, optimizing the upper bound of \K\ + we find e ~ \^st 


1-2 


We now estimate the other integrals with this value of e. 

Observe that if q{s, 9) := (|^st| + s cos6)^, then, on the support of the integrand of 


UJsthcZ; ir-.d 
hjar 


we have 


(11.5) 


a<p-. \d^q{s,e)\ < E ||6t| + scos6»|^ 

< E ie.tr lie.*I - and 

2=1 


a> P \ 9^g(s,6*) = 0- 

Let f := (r,);g[i,,3] S N^, ¥{X ■= {ri,ri+i,r^) for I € {1,2,3}, and 0 := (0);g[i„3]. 
Given (p, q) G let 


Qp,, := {/ G C- (0 < Itt - 9\ « 1) : |9,“/(s, 0)| < ■ 

Given / G Qp,ri, we define Kp{f) := e^^^Xp{f) ds d9, with 

Xrif) := f{s,e)di^ (pC (^) n^{sm9r-^r\0)) dl^q{s,e) s^-^q[s - I6t|)- 

Integrating by parts w.r.t 0, we see that there exists g G Qp-i-i,ri-i-i and h G Qp+i^n 
such that 


W) = ^Xjif) d0 ds 

= -/./;«‘*-a»(^v,(/)) dOd, 
= * (.) + (*') ■ 


Hence, since K^{1) = we see by iteration over p that we are reduced to 

3 

estimate Kf{f) for r such that = p and / G Qp,ri ■ 

Hence, in view of (111.31) and (111.51) 


I f\iBt\-cl; TT-.cl 
dejar 

with 


< 


ICstT r k-^r ^ r 

(l€.tlkl)p |^_e|p+-i+-2 J|s_|{^p|<_^|^_e| 


Zk ,/3 ds d9, 


Hence 


Zk,fi := max(||^5t| - s|^ IC.tl^k - 6lp(^ ^)) ■ 
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I flfsthci; 7 r:ci| ^ |'^+" max(e'^+" ^ i 

\^9Jar I ' 
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